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ABSTRACT:
In this paper are presented the results of numerical computations of
the effect of space charge upon the image size and image distance in a
converging beam of charged particles. The minimum beam radius (image
size) and its position (image distance) are plotted as a function of beam
perveance ranging from 10 to 10 . The beam convergence angle was
varied from about 0.03 to 0. 15 radians and calculations were carried out
for 3 values of aperture radius (0. 1 cm, 0. 25 cm and 0. 50 cm) . The
1 I n i on i per i
results are given for electrons, H , Li , Ne , and Rb .
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In recent years there has been an increasing demand for low energy
ion beams, well defined in space and energy, to be used in experimental
investigations of atomic collision processes. In the energy region below
100 eV the effects of space charge upon usable beam intensity, beam shape
and ion energy become so serious as to represent the limiting factors in
many experiments
.
Pierce has designed a widely used lens utilizing curved electrodes
to create the fields required to simulate flow between concentric spheres
.
Although the Pierce gun has been used for the production of low energy
ion beams with some success, it was recently shown by Simpson and
Kuyatt that there exists a fundamental limitation on the beam intensity
which can be obtained by any unipotential gun operating at low energies.
They show that in order to attain the current densities required for
saturation, in the presence of thermal effects at the emitter surface,
one would have to exceed the space charge limitations imposed by the
diode nature of any unipotential gun. From this it is concluded that the
range of applicability of unipotential guns lies at comparatively high
energies and wide beam convergence angles. To operate outside these
limits it is necessary to decouple the thermal energy and space charge
effects by first accelerating the particles to a fairly high energy and
then decelerating them to their final low energy. Simpson and Kuyatt^
have designed an electron gun using this multistaging principle and we
have adapted their design for use with low energy ion beams.
A schematic diagram of the gun is given in Fig. 1 . The first stage
extracts the particles at high energies and forms a beam which is then
decelerated to the desired final energy in the second stage. The first,
or extraction stage is based on designs given by Soa and the decel-
eration stage is based on the properties of plane electrodes, as given
by Spangenberg and Field. ° The electrode potentials V and Va are
measured with respect to the emitter which is maintained at the desired
POTENTIALS:




















beam potential, V , while the exit electrodes are grounded,
o
In addition to circumventing the basic problem described above, this
design has considerable mechanical advantages over the conventional
Pierce gun. All electrodes are plane; displacement of the deceleration
stage with respect to the extraction stage and variation of the electrode
potentials allows one to obtain a wide variety of beam shapes, intensities
and energies quickly and conveniently.
The details and results of our experimental investigation of this gun
are reported elsewhere and will only be summarized very briefly here. To
obtain a low energy ion beam we used a thermal emitter (Li-O'Al *n SiCL)
+ 7 —8 ~6 9
as a source of Li ions . Current densities of 10 to 10 amps/cm at
beam energies of 2 to 100 eV were obtained and both the spatial and energy
distributions of the ions were investigated. Minimum beam radii of 1 to 2
mm occurred a few centimeters beyond the last element of the gun. Beam
profiles were measured as a function of axial distance and well collimated
beams of up to 16cm were obtained. The energy spread in the beam was
found to be about 0.22 eV in good agreement with the expected thermal
energy spread from the source which operates at about 12 00°C. Mass
analysis shows that beam purities are well in e
isotopically enriched emitter material is used.
7 +
xcess of 99% Li when
II. BEAM DYNAMICS
The beam geometry in the absence of space charge effects is shown
in Fig. 2. As the beam leaves the aperture of radius R the rays ema-
B
nating from the edge are initially directed as shown and those from
interior points are contained within the outer rays so as to be focused
toward a spot of radius r a distance L away. The origin of coordinates
is such that the beam travels along the z axis, the coordinated of the
aperture is z and of the image z . The beam is assumed to be axially
B a
symmetric.
In considering the space charge effects we shall follow the work







a beam of charged particles of sufficient density to be considered a
continuous medium for purposes of constructing energy functions.
The effect of the space charge of the beam is to deflect the rays
away from the axis. We assume that the current density is uniform
across the beam cross section and zero outside the outer rays, and that
the total current is constant. If the convergence of the rays is suffi-
ciently small then a small segment of the beam forms a cylinder of
nearly constant radius in which the axial forces are nearly zero, and
hence the axial velocity z is very nearly constant and given by
*.--/ T-eSV (1)
where e = charge on the particle, V = beam potential, and m = particle
mass
.
We shall now proceed to calculate the trajectories of the outer
and inner rays as shown in Fig. 2 under the influence of space charge
(in field free space) subject to the simplifying assumptions given above.
Trajectory of the Outer Ray
The radial component of the electric field due to the space charge
can be written
..
where i is the total current, eV is the beam energy, and r is the radius
of the outer ray at any point. Let
*\_ * "vvT
be the charge to mass ratio of the particles. The radial equation of
motion of a particle on the outer ray is then
Wr> *h*FT7 77== (3)
If we define the constant K. to bet ^
1 «
K, = -4,
we may write Eq. (3) as
tlrer> /?fv (4)
r*'*^
Multiplying both sides by dr and integrating gives
where the constant of integration r is chosen such that at
O
Using equations (1) and (4) we can write
i
where we choose the negative root in order to restrict consideration to the
portion of the beam between the aperture and the focal point, i.e. , the
region where the beam is convergent and r < 0. This gives on integration
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Since tables of D(S) are available we can evaluate equation 11 in
terms of the constant K. This equation gives r as an implicit function
of z and the parameters R_, r ,L, wand the beam perveance P.
B a v
To express K in terms of the minimum radius r
o
and the beam
perveance "P 9 rr we note from above, that
K - v; {^~ (12)








K-O.P * where Q „ yfi^J^
Trajectory of the Inner Ray
We know from Gauss' Law that only the charge enclosed by the
inner ray will affect its trajectory. Assuming a uniform radial charge
distribution, the ratio of the current included within r 9 to the current
2
included within r, will be r 2 and since the field depends only on the
enclosed charge we can use Eqs. (2) and (4) to write
and the radial equation of motion of a particle on the inner ray is
£ - 1**7* (15)




We may differentiate r« parametrically as
dub " "cTF dr, "aa^ "st"* **t '
where £ is given by (6). ds/dr may be found from (8), giving








Putting (18) in (15) gives
f£%- 2s^X± -2ru -O (19)
which has the solution^*
r1.-C | ex P {s*}[n-Ct #*.>] (20)
where C-^ and C2 are constants of integration, and
S
(s) is the well-known error function which is extensively tabulated ^ .





Note also that from equation (9) j t^













Applying Leibnitz 1 rule to (21) gives
64 _2_
•As Vir~# • & ^P {- **\
and .
Putting (23), (28), (29), and the second equation of (22) into (27) and
evaluating at ^ = Rg , gives
5£i. £[«.(.C.O^e,., {- sl
where B denotes (Sg ) . Solving (2 6) for C-i and putting this and (24) in
(30) gives
.
1 + Cj.^g " To 1 L
™ v.*L (31)
With this we have immediately
C 2 = ^-j—j (32)
and from (26) rS




where r is given by (25), N by (31), s_ by (24) and <t> by (21). It should
o B
be noted that equation (34) gives rasa function of the constants R ,
& B
r , L, tf and the beam perveance P at every value of z.
a
Calculation of Minimum Beam Radius and Postion
The spreading of the rays under the influence of space charge is
illustrated in Fig. 3. We shall distinguish between two cases depending
on whether the value of the beam perveance P is larger than or smaller
than a critical perveance P defined below:
cr
Case 1; P>P (Fig. 3a): For this case the outer ray reaches
its minimum before its intersection with the inner ray
originating at the diametrically opposite side of the
aperture. Thus the outer ray reaches its minimum
value r = r before -r„ = r. and hence the minimum
1 o 2 1
radius occurs at z = z .
o
Let z -z„ = L„ . At r n =r , s = (from equation 8).
B F 1 °
Since D(o) = we get from equation (11)
L f ' i*< £>(sb} (35)
and r
o
= r is given by equation (25).
Case 2; P<P (Fig. 3b): Here the outer ray will be intersected
cr
by the inner ray originating at the diametrically opposite
side of the aperture, before r reaches its minimum value

































= 2 K [D (s
b )
- p (s p)] (38)
When P = P , L p (case 1) = Lr, (case 2) and the method
cr F r
of either case may be employed in evaluating rp and L .
III. RESULTS OF NUMERICAL COMPUTATIONS
In this section we present the results of numerical computations for
the image distance L (Equ. 35 and 38) and the image radius r„ (Equ. 25
and 37). Each of the figures (Fig. 4-18) shows 3 curves of Lp as a
function of beam perveance r ( ~ "1_ Up
J
for three values of
the beam convergence angle y (Fig . 2) (tan y- 0. 03, .09 and 0.15).
On the same figure we plot r as a function of P for the same three
values of tan y . The curves are aligned so that values of Lp and r p
can be read for any given value of P and the same value ©f tan y by
drawing a vertical line at the proper value of perveance. Three values
of the final aperture radius R„ (See Fig. 2) (Rg = 0.1, 0.25 and 0.50
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IMAGE DISTANCE LF ANO IMAGE RADIUS rf FOR RB BEAM (R -0.25cm)





IMAGE DISTANCE L F AND IMAGE RADIUS r F FOR Rb BEAM (R =0.30 cm)
TV. BIBLIOGRAPHY
1. Pierce, J.R. /'Rectilinear Electron Flow in Beams", J. Appl. Physics
_U, 548, 1940.
2. Simpson, I.A. and Kuyatt, C.E., "Limitations on Electron Beam
Density of Unipotential Electron Gunle at Low Voltages". Journal of
Research of the National Bureau of Standards - C Engineering and
Instrumentation Vol 67C, No. 4. Oct-Dec 1963, p. 279 - 281.
3. Simpson, T.A. and Kuyatt, C.E., "Design of Low Voltage Electron
Guns," Rev. Sci. Instr. , 34, 265, 1963.
4. Soa,E.A., "Systematische Untersuchungen an Elektrostatischen
Inmersions Objectiven", Tanaer Tahrbuch, 1, 115, 1959.
5. Spangenberg, K. , and Field, L.M., "The Measured Characteristics
of some Electrostatic Electron Lenses", Elect. Commun. 21_, 194,
1943.
6. Haskell, H.B., Heinz, O. , and Lorents, D.C., "A Multistage Gun
for the Production of Low Energy Ion Beams /'Reviews of Scientific
Instruments (in press)
Haskell, H. B. ," Investigation of a Low Energy Alkali Ion Gun," MS
Thesis USN Postgraduate School, May 1965 (Unpublished).
7. Allison, S.K. and Kamegai, M. , Rev. Sci. Instr. 32_, 1090 (1961).




Lagerstrom, R.P., "Ijbn and Plasma Beam Sources",Quarterly Research
Review No. 4, Stanford Electronics Laboratories, 1 Tan to 3 1 Mar 1963,
PP 1 - 33 ff.
8. Glaser, W.
,
Grundlagen der Elektronenoptik , Springer-Verlag (1952)
p 69 ff.
9. Watson, E.E. , "Dispersion of an Electron Beam/ Phil Mag 3_, 849 (1927),
10. Wendt, G. , "The Spreading of an Electron Optical Pencil Under the
Influence of its own Charge", Ajaasu. d. Physik 2_, 256 (1948).
11. Jahnke, E. & Emde, F. . Tables of Functions , Dover Publications (1945).
12. Morse, P.M. & Feshbach, H. , Methods of Theoretical Phvsics .








Dept. 11-lk, Bldg. 170, Pit. B-l
Burbank, California 91503
Naval Ordnance Test Station
China Lake, California
Attn: Technical Library
Serials Dept. , Library
University of California, San Diego
La Jolla, California 92038
Aircraft Division
Douglas Aircraft Company, Inc.
5855 Lakevood Boulevard










Los Angeles, California 90024
Chief Scientist
Office of Naval Research
Branch Office
1050 Bast Green Street
Pasadena, California 91101
Ccnmanding Officer and Director
U. S. Navy Electronics Lab. (Library)
San Diego, California 92152
General Dynamics/Convair
P.O. Box 195O











Santa Barbara, California 93102
Library
Boulder Laboratories
National Bureau of Standards
Boulder, Colorado 80302
Government Documents Division





East Hartford, Connecticut 06l08
Documents Division
Yale University Library
New Haven, Connecticut 06520
Librarian
Bureau of Naval Weapons
Washington, D. C. 203^0
George Washington University Library
2023 G Street, N. W.
Washington, D. C. 20006
National Bureau of Standards Library
Room 301, Northwest Building




Washington, D. C. 20390
Attn: Code 2027

























University of Maryland Library
College Park, Maryland 207*2























Ann Arbor, Michigan *8l0*






John M. Olin Library
Washington University
6600 Millbrook Boulevard




Princeton, New Jersey 085*0
U. S. Naval Air Turbine Test Station
Attn: Foundational Research Coordinator
Trenton, New Jersey 08607
Engineering Library
Plant 25
Grumman Aircraft Engineering Corp.
Bethpage, L. I. , New York 1171*
Librarian
Fordham University
Bronx, New York 10*58
U. S. Naval Applied Science Laboratory
Technical Library
Building 291, Code 9832
Naval Base





Buffalo, New York 14225
Central Serial Record Dept.
Cornell University Library
Ithaca, New York 114-850
Columbia University Libraries
Documents Acquisitions
535 W. Ilk Street
New York, New York 10027
Engineering Societies Library
5*4-5 East 47th Street
New York, New York 10017
Library-Serials Department
Rensselaer Polytechnic Institute




Durham, North Carolina 27706

















Providence, Rhode Island 02912
Central Research Library
Oak Ridge National Laboratory
Post Office Box X
Oak Ridge, Tennessee 37831
Documents Division
The Library
Texas A & M University
College Station, Texas 77814-3
Librarian
LTV Vought Aeronautics Division
P.O. Box 5907
Dallas, Texas 75222
Gifts and Exchange Section
Periodicals Department
University of Utah Libraries
Salt Lake City, Utah 814-112
Defense Documentation Center (DDC)
Cameron Station
Alexandria, Virginia 223114-







Attn: Mrs. M. Newns, Librarian
Exchange Section








London W. C. 2., England
Librarian




Dr. H. Tigerschiold, Director
Library
Chalmers University of Technology
Gibraltargatan 5
Gothenburg S, Sweden




DOCUMENT CONTROL DATA • R&D
(Security classification ot title, body oi abstract and indexing annotation must be entered when the overall report le claaaitied)
E ORIGINATIN G ACTIVITY (Corporate author)
U. S. Naval Postgraduate School




Numerical Computation of Image Size and Distance for Converging Charged
Particle Beams
I DESCRIPTIVE NOTES (Type ot report and inclueive datee)
Technical Rpport/Re.gparr.h Paper 1\Tn 5.5
5- AUTHORfS.) (Last name, tint name, Initial)
Haskell, H. B. , Heinz, O. and Johnson, P. C.
6 Re FORT DATE
April 1966
7a. TOTAL NO. OF PASES
28
76. NO. OF REFS
12
|a. CONTRACT OR GRANT NO.
6 PROJECT NO.
9a. ORIGINATOR'S REPORT NUMBERfS;
9 b. OTHER REPORT no(S) (A ny other number* mat mmy be aeelgned
this report)
10. AVAILABILITY/LIMITATION NOTICES
Qualified requestors may obtain copies of this report from DDC
11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY
Office of Naval Research
13. ABSTRACT
In this paper are presented the results of numerical computations of
the effect of space charge upon the image size and image distance in a
converging beam of charged particles. The minimum beam radius (image
size) and its position (image distance) are plotted as a function of beam
perveance ranging from 10 to 10 . The beam convergence angle was
varied from about 0.03 to 0. 15 radians and calculations were carried out
for 3 values of aperture radius (Q. 1 cm, 0.25 cm and O.SQcm). The
results are given for electrons, H , Li , Ne , and Rb .















Low Energy Particle Beams
INSTRUCTIONS
1. ORIGINATING ACTIVITY: Eater the name and address
of the contractor, subcontractor, grantee, Department of De-
fence activity or other organisation (corporate author) issuing
the report.
2a. REPORT SECUWTY CLASSIFICATION: Enter the over-
all security classification of the report. Indicate whether
"Restricted Data" is included. Marking ia to be in accord-
ance with appropriate security regulations.
2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200. 10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 end Group 4 as author-
ized.
3. REPORT TITLE: Enter the complete report title in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
tion, show title classification in all capitals in parenthesis
immediately following the title.
4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered.
5. AUTHOR(S): Enter the name(s) of authors) •» shown on
or in the report. Enter last name, first name, middle initial.
If military, show rank and branch of service. The name of
the principal author is an absolute minimum requirement.
6. REPORT DATE: Enter the date of the report aa day,
month, year, or month, year. If more than one date appears
on the report, use date of publication.
7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, Le., enter the
number of pages containing information.
7b. NUMBER OF REFERENCES: Enter the total number of
references cited in the report.
8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.
8b, 8c, fc 84. PROJECT NUMBER: Enter the appropriate
military department identification, such as project number,
subproject number, system numbers, taak number, etc.
9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity. This number must
be unique to this report.
9b. OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (either by the originator
or by the tponmor), also enter this numbers).
10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itations on further dissemination of the report, other than those
tsimposed by security classification, using standard stat
such as:
(1) "Qualified requesters may obtain copies of this
report from DDC"
(2) "Foreign announcement and dissemination of this
report by DDC is not authorized.
"
(3) "U. S. Government agencies may obtain copies of
this report directly from DDC Other qualified DDC
users shall request through
(4) "U. S. military agencies may obtain copies of this
report directly from DDC Other qualified users
shall request through
(5) "All distribution of this report is controlled. Qual-
ified DDC users shall request through
If the report haa been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known.
1L SUPPLEMENTARY NOTES:
tory notes.
12. SPONSORING MILITARY ACTIVITY: Enter the asms of
the departmental project office or laboratory sponsoring (pmy
ing tor) the research and development. Include address.
13. ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it may alao appear elsewhere in the body of the technical re-
port. If additional apace is required, • continuation sheet shall
be attached.
Use for additional explana-
It ia highly desirable that the abstract of classified reports
be unclassified. Each paragraph of the abstract shall ead with
an indication of the military security classification of the la-
formation in the paragraph, represented as (TS), (S), (C), or (V).
There is ao limitation ea the length of the abstract. Hew-
ever, the suggeated length is from 150 to 225 words.
14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must he
selected so that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The Assignment of links, ralea, aad weights is optional.
DD FORM1 JAN 84 1473 (BACK) Unclassified
Security Classification





of image si2e and dig _
tance for converging
charged particle beams





no. 55 . Numerical computation







3 2768 001 61410
^DLEY KNOX LIBRARY
